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Abstract 

We present a duality between the category of compact Riemannian spin manifolds 
(equipped with a given spin bundle and charge conjugation) with isometries as mor- 
phisms and a suitable "metric" category of spectral triples over commutative pre- 
C*-algebras. We also construct an embedding of a "quotient" of the category of 
spectral triples introduced in [BCL1] into the latter metric category. Finally we dis- 
cuss a further related duality in the case of orientation and spin-preserving maps 
between manifolds of fixed dimension. 

keywords: Spectral Triple, Spin Manifold, Category. 

MSC-2000: 46L87, 46M15, 18F99, 15A66. 

1 Introduction. 

Although the main strength of non-commutative geometry is a full treatment of non- 
commutative algebras as "duals of geometric spaces" , the foundation of the theory relies 
on the construction of suitable categorical equivalences, resp. anti-equivalences (i.e. co- 
variant, resp. contravariant functors that are isomorphisms of categories "up to natural 
transformations" ) between categories of "geometric spaces" and categories of commutative 
algebras of functions over these spaces 

Typical examples of such (anti-)equivalences are listed below, itemized by the name of the 
people who worked them out: 

• Hilbert: between algebraic sets and finitely generated algebras over an algebraically 
closed field (Hj; 



*Partially supported by the Thai Research Fund: grant n. RSA4780022. 

1 For the elementary background in "category theory" the reader can refer to the on-line introduction 
by J. Baez [B] and the classical books by S. McLane [M] and M. Barr-C. Wells IBW| . 
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• Stone: between totally disconnected compact Hausdorff topological spaces and 
Boolean algebras [Stli ISt2| ; 

• Gel'fand-Naimark: between the category of continuous maps of compact Hausdorff 
topological spaces and the category of unital involutive homomorphisms of unital 
commutative C*-algebrat@ [G llGN| : 

• Halmos-von Neumann: between the category of measurable maps of measure 
spaces and the category of unital involutive homomorphisms of commutative von 
Neumann algebras H 

• Serre-Swan: between the category of vector bundle maps of finite-dimensional lo- 
cally trivial vector bundles over a compact Hausdorff topological space and the cat- 
egory of homomorphisms of finite projective modules over a commutative unital 



• Cartier-Grothendieck: between the category of commutative schemes (ringed 
spaces) in algebraic geometry and the category of topoi (sheaves over topological 



• Takahashi: between the category of Hilbert bundles on (different) compact Haus- 
dorff spaces and the category of Hilbert C*-modules over (different) commutative 
unital C*-algebras [TT1IT2] : 

Even more dualities arise when the spaces in question are equipped with additional struc- 
ture, most notably a group structure or the like (see Pontryagin-Van Kampen [Pol IVK| . 
Tannaka-Krem [Ta ( IKr] and Doplicher- Roberts |DR] ) . 

In this paper we will focus our attention on the Gel'fand-Naimark duality, to which the 
other dualities arc related in significant way. In short, the fundamental message that can 
be read off from the celebrated Gel'fand-Naimark theorem on commutative C*-algebras is 
that, at the "topological level", the information on a "space" can be completely encoded 
in (and recovered from) a suitable "algebraic structure" . 

In applications to physics (at least for those branches that are dealing with "metric struc- 
tures" such as general relativity), it would be important to "tune" GePfand-Naimark's 
correspondence in order to embrace classes of spaces with more detailed geometric struc- 
tures (e.g. differential, metric, connection, curvature). 

In recent times, Connes' non-commutative geometry |C11 IFGVj has emerged as the most 
outstanding proposal in this direction, based on the notion of spectral triple. 
In this short note we provide a simple further example of categorical anti-equivalence 
between Riemannian spin manifolds and commutative Connes' spectral triples (see theo- 
rem !3.2p . This line of thought is expected to play an important role in future developments 
of the categorical structure of non-commutative geometry, and spectral triples in particular 
(see [BCL2 ), as well as in the study of (geometric) quantization, where the construction 

2 Or more generally between the category of proper continuous maps of locally compact Hausdorff spaces 
and the category of involutive homomorphisms of commutative C*-algebras. 

3 The origin of a dual treatment of measure theory (at least for locally compact Hausdorff spaces) can 
be traced back to F. Riesz-A. Makov-S. Kakutani-A. Weil theorem Ric Ma, K W , but the proof that 
a measure space can be recovered from a commutative von Neumann algebra is due to P. Halmos-J. von 
Neumann [HvN] . 

4 As reported by I. Dolgachev in his useful historical review [D] Section 1], the idea of P. Cartier (1957) 
that affinc schemes are in duality with ringed spaces of the form Sp(.A) was developed by Grothcndieck in 
the full theory of schemes. 



C*-algebra [SellSw]: 
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of functorial relations between "commutative" and "quantum" spaces are central points of 
investigation. 

Although the idea of reconstructing a smooth manifold out of a commutative spectral triple 
has been latent for some time, (see }C31 IC4| [Rl IRV11 IC5| IC6j ) the point to promote it to 
a categorical level seems to be new. Our main tool is the notion of metric morphisms of 
spectral triples, namely those preserving Connes' distance on the state space. 
In the second part of the paper, we examine some connection between the category of 
"metric spectral triples" (on which the equivalence result is based) and our previous work 
on morphism of spectral triples BCL1 . It should be possible to provide other equivalence 
results in terms of categories of spectral triples based on different notions of morphism (at 
least for some classes of Riemannian manifolds); some of these issues are presently under 
investigation (see [BCL21 Section 4.1] for an overview). 

It should be remarked that Connes' distance formula has been systematically adopted by 
M. Rieffel as the backbone of his notion of quantum compact metric space (see [RI] and 
references therein). Although we present our result in the framework of Connes' spectral 
triples, it is likely that our ideas might find some application also in RicffcPs framework. 

In order to keep the length of this note as short as possible, we will refer to the literature 
for all the background material and only recall the basic definitions. 

1.1 Spectral Triples. 

Following A. Connes' axiomatization (see |C1[ IFGVl IC5] for all the details), a compact 
spectral triple (A, Tt, D) consists of 

a) a unital pre-C*-algebra.A (that is sometimes required to be closed under holomorphic 
functional calculus), 

b) a (faithful) representation tt : A — * B(H) of the algebra A on a Hilbert space H and 

c) a Dirac operator, i.e. a (generally unbounded) self-adjoint operator D, with com- 
pact resolvent {D - A)" 1 for every A G C - R and such tha1@ [D,7r(a)]_ G B(H), 
Va e A. 

A spectral triple is called even if it is equipped with a grading operator, i.e. a bounded 
self-adjoint operator T G B(Tt) such that: 

T 2 =ld H ; [r,7r(a)]_=0 Va G A; \T,D]+ = 0. 

A spectral triple without grading is called odd. 

A spectral triple is regular if the functions H x : 1 1— > exp(it\D\\x exp(— it\D\) are "smooth" 
i.e. E x G C°°(R, B(H)) for every x G tt D (A), where we define^ 

Q,£i(A) := span{7r(ao)[-D, 7r(ai)]_ • • • [D, 7r(a n )]_ n G N, ao, . . . , a„ G A}. 

This regularity condition can be equivalently expressed requiring that, for all a G A, 
7r(a) and [£),7r(a)]_ are contained in n^ =1 Dom(5 m , where S is the derivation given by 
*(aO:=[|D|,x]_. 

The spectral triple is n-dimensional iff there exists an integer n such that the Dixmier 
trace of |-D|~" is finite non-zero. A spectral triple is 0-summable if exp(— tD 2 ) is a 
trace-class operator for every t > 0. 

5 Here [x, y]± := xy ± yx denote respectively the anticommutator and the commutator of x, y 6 SfH). 
6 We assume that for n = 06N the term in the formula simply reduces to iz(ao). 
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A spectral triple is real if it is equipped with a real structure i.e. an antiunitary operator 
J :TL — > TL such that: 

[7r(o), J 7 r(fe*)J- 1 ]_ = Va,6e.A; 

[[D, 7r(a)]_, J7r(6*) J -1 ]- = Va, b £ A, first-order condition; 

J 2 = ±Id H ; [J,D} ± = 0; 

and, only in the even case, [J, T]± = 0, 

where the choice of ± in the last three formulas depends on the "dimension" n of the 
spectral triple modulo 8 according to the following table: 



n 





1 


2 


3 


4 


5 


6 


7 


J' 2 = ±1& H 


+ 


+ 










+ 


+ 


[J,D} ± =0 




+ 








+ 






[j,r]± = 






+ 








+ 





A spectral triple is finite if Hoc '■= n^ 1 DomD fc is a finite projective Zl-bimodule and 
absolutely continuous if, there exists a Hermitian form (£, 77) 1— ► (£ | if) on TLoo such 
that, for all a G A, (£ | Tr(a)r)) is the Dixmier trace of 7r(a)(£ | rj)\D\~ n . 

An n-dimensional spectral triple is said to be orientable if there is a Hochschild cycle 
c = Y^jLi a o ® a i ® ■ ■ ■ ® On such that its "representation" on the Hilbert space TL, 

n i c ) = Sj=i )[^ ^ 7T ( a i ^ )} - ' ' ' [-D) 7r ( a n^)]- is the grading operator in the even case 

or the identity operator in the odd cas^3. 

A real spectral triple is said to satisfy Poincare duality if its fundamental class in the 
KR-homology of A (8 A° p induces (via Kasparov intersectionproduct) an isomorphism 
between the K-theory K.(A) and the K- homology K'(A) of A$ 

A spectral triple will be called commutative whenever A is commutative. 

Finally a spectral triple is irreducible if there is no non-trivial closed subspace in TL that 
is invariant for n(A), D, J, T. 

1.2 Reconstruction Theorem (Commutative Case). 

Let M be a real compact orientable Riemannian m-dimensional spin C°° manifold with 
a given volume form Let us denote (see [5] for details) by S(M) a given irre- 

ducible complex spinor bundle over M i.e. a bundle over M equipped with a left action 
c : Cl (+) (T(M))®S(M) -» S(M) of the "Clifford" bundlcElci (+) (r(M)) inducing a bundle 
isomorphism between C1 (+) (T(M)) and End(S(M)). Let [S(M)} be the spin c structure^ 
of M determined by S{M). 

7 In the following, in order to simplify the discussion, we will always refer to a "grading operator" T 
that actually coincides with the grading operator in the even case and that is by definition the identity 
operator in the odd case. 

8 In |RV1| some of the axioms are reformulated in a different form, in particular this condition is replaced 
by the requirement that the C*-module completion of Hoo is a Morita equivalence bimodule between (the 
norm completions of) A and Qo(A). 

9 Following [FGVI Page 373], we denote by Cl (+) (T(M)) the complexified Clifford bundle of M if dim M 
is even and respectively its even subalgebra bundle Q+ (T(M)) if dim M is odd. 

10 An orientable Riemannian manifold is spin c if it admits a complex irreducible spinor bundle Defi- 
nition 7]. Recall that a spin c manifold usually admits several inequivalent spin c structures and that for a 
given spin c structure, a complex irreducible spinor bundle over M is determined only up to (Hermitian) 
bundle isomorphism. 
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Let Cm be a given "spinorial" charge conjug atioi£3 on S(M) i.e. an antilinear Hcrmitian 
bundle morphism such that Cm ° Cm = ±Ids(M) (signs depending on dimAf modulo 
8 as in the table in section II. ip that is "compatible" with the charge conjugation^! k in 
Cl (+) (T(Af)) i.e. C M (f3(p)-a(p)) = K (P(p))-C M (a(p)), for any section (3 6 r(Cl (+) (T(M))) 
of the Clifford bundle and any section a £ T(S(M)) of the spinor bundle. We denote by 
[(S(M), Cm)] the spin structure on M determined by Cm- 

Let Am :—C°°(M; C) be the commutative pre-C*-algebra of smooth complex valued func- 
tions on M. We denote by ttm its representation by pointwise multiplication on the space 
Um ■■= L 2 (M, S(M)), the completion of the space T°°(M, S(M)) of smooth sections of the 
spinor bundle S(M) equipped with the inner product (a | r) := J M (o~(p) | T(p)) p d[iM, 
where (■ | -) p is the unique inner product on S P (M) compatible with the Clifford action 
and the Clifford product. Note that the spinorial charge conjugation Cm (being unitary 
on the fibers) has a unique antilinear unitary extension Jm '■ T~Cm — ► % determined by 
( Jm<?){p) := C M (a(p)) for a E L°°(5(M)) and p G M. 

Let Tm be the unique unitary extension on H.m of the operator Am on T(S(M)) acting 
by left action of the chirality element 7 £ L(C1^ + -'(T(M ))), that implements the grading \ 
of L(C1 (+) (T(M))) as inner automorphism^ 

Denote by Dm the Atiyah-Singer Dirac operator on the Hilbert space Hm , i-e. the closure 
of the operator that on T co (S(M)) is obtained by "contracting" the unique spin covari- 
ant derivative V s (induced on T°°(S(M)) by the Levi-Civita covariant derivative of M, 
see |FGV[ Theorem 9.8]) with the Clifford multiplication. For a detailed discussion on 
Atiyah-Singer Dirac operators we refer to [BGVl IL"Ml 15]. 

We have the following fundamental results: 

Theorem 1.1 (Connes, see e.g. [C1IIC2] and Section 11.1 in |FG Vj ) . Given an orientable 
compact spin Riemannian m- dimensional differentiable manifold M , with a given complex 
spinor bundle S{M), a given spinorial charge conjugation Cm o-nd a given volume form 
/Um0 the data (Am^MiDm) defines a commutative regular finite absolutely continuous 
m- dimensional spectral triple that is real, with real structure Jm, orientable, with grading 
Tm, o,nd satisfies Poincare duality. 

Theorem 1.2 (Connes |C31 IC5j ). Let (A,H,D) be an irreducible commutative real (with 
real structure J and grading T) strongly regular 5 ] m- dimensional finite absolutely continu- 
ous orientable spectral triple, with totally antisymmetric ( in the last m entries ) Hochschild 
cycle, and satisfying Poincare duality. The spectrum of (the norm closure of) A can be 
endowed, in a unique way, with the structure of an m-dimensional connected compact ori- 
entable spin Riemannian manifold M with an irreducible complex spinor bundle S(M), a 
charge conjugation Jm and a grading Tm such that: 

A~C°°(Af;C), H~ L 2 (M,S(M)), D~D M) J~J M , T ~ Tm- 

11 A spin c manifold is spin if and only if it admits a complex spinor bundle with a charge conjugation [S] 
Definition 8]. Recall that a spin manifold usually admits several inequivalent spin structures even for the 
same spin c structure and that for a given spin structure a conjugation operator is determined only up to 
intertwining with (Hermitian) bundle isomorphisms. 

12 k is the composition of the natural grading operator and the canonical conjugation. 

13 The grading is actually the identity in odd dimension. 

14 Remcmber that an orientable manifolds admits two different orientations and that, on a Riemannian 
manifold, the choice of an orientation canonically determines a volume form (ijf. 
15 In the sense of IC5I Definition 6.1]. 
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A. Connes first proved the previous theorem 11.21 under the additional condition that A 
is already given as the algebra of smooth complex-valued functions over a differentiable 
manifold M, namely A = C°°(M;C) (for a detailed proof see e.g. [FGVl Theorem 11.2]), 
and conjectured |C3| . |C4( Theorem 6, Remark (a)] the result for general commutative 
pre-C*-algebras A. 

A tentative proof of this last fact has been published by A. Rennie [R]; some gaps were 
pointed out in the original argument, a different revised, but still incorrect, proof ap- 
pears in [RV1] (see also [RV2 ) under some additional technical conditions. Recently 
A. Connes |C5] finally provided the missing steps in the proof of the result. 
As a consequence, there exists a one-to-one correspondence between unitary equivalence 
classes of spectral triples and connected compact oriented Riemannian spin manifolds up 
to spin-preserving isometric diffeomorphisms. 

Similar results should also be available for spin c manifolds |C4[ Theorem 6, Remark (e)]. 
1.3 Connes' Distance Formula. 

Given a spectral triple (A,TC, D), let us denote by S(A) and 7(A) the sets of states and 
pure states of the pre-C*-algebra A, respectively. If A := C°°(M;C), for all p £ M we 
denote by ev p : x i— > x(p) the "evaluation functional" in p of the functions x £ A and 
note that ev p 6 7(A). Actually in this case 7(A) coincides with the set of all evaluation 
functionals. 

Going back to the general case, the Connes' distance du on 7(A) is the function on 
7(A) x 7(A) given by 

d D (uji,uj 2 ) := s\iy>{\uji(x) - lj 2 (x)\ x £ A, \\[D, n(x)]\\ < 1}. 

Strictly speaking, without imposing other conditions, do could also take the value +00 as 
in the case of non-connected manifolds. In turn, one can use the same formula to define a 
"distance" on the set of all the states of A. 

Theorem 1.3 (Connes's distance formula). }FGV[ Proposition 9.12] If the spectral triple 
(A,H,D) is obtained as in theorem \1.1\ from a compact finite- dimensional oriented Rie- 
mannian spin manifold M equipped with a spinor bundle S(M) and a spinorial charge 
conjugation Cm, then for every p,q £ M, do(ev P , ev q ) coincides with the geodesic distance 

du(p, q) '■= inf I J \W(t)\\ dt I 7 is a geodesic with 7(a) = p, 7(6) = qj. 

Of course, given a unital *-morphism (f> : A\ — » A2 there is a pull-back 4>* : §(^2) — * S(-Ai) 
defined by 4>'(uj) :— u o (j) for all u> £ 8(^2). 

2 A Metric Category of Spectral Triples. 

The objects of all of our categories will be compact spectral triples (A, H, D). 

Given two spectral triples (Aj,Hj, Dj), with j = 1,2, a metric morphism of spectral 

triples (Ai,Hi, Di) — > (.A2, H2, -D2) is by definition a unital epimorphisrrF^I <j> \ A\ ► A 2 
of pre-C*-algebras whose pull-back 4>* : 7(A 2 ) — > 7(A\) is an isometry, i.e. 

d Dl ((t>'(u>i),4>'(uj2)) = d D2 (aj 1 ,aj 2 ), Vu^Wa £ 7(A 2 ). 
Spectral triples with metric morphisms form a category ,5^ m . 

16 Note that if cf> is an epimorphism, its pull-back </>' maps pure states into pure states. 
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Remark 2.1. A unitary equivalence of spectral triples gives an isomorphism in the category 

2.1 A Local Metric Category of Spectral Triples. 

For convenience of the reader, we recall here the definitions of morphisms of spectral triples 
proposed in our previous work |BCL1( Sections 2.2-2.3]. 

A morphism in the category between spectral triples (Aj,Hj, Dj), j = 1,2 of the 
same dimension, is a pair (0,$), where <f> : A\ — > Ai is a *-morphism between the pre- 
C*-algebras Ax,A% and <& : Hi — > TL2 is a bounded linear map in £>(7ii,7i 2 ) such that 
tt 2 (0(x)) o $ = $ o wi(x), \fx £ Ax and D 2 ° $(£) = $ ° V£ 6 Dom D\. 

In a similar way, a morphism of real spectral triples (Aj,Hj, Dj, Jj) with j = 1,2, 
in the category of real spectral triples y r , is a morphism in such that $ also satisfies 
J 2 o $ = $ o Jy. Finally a morphism of even spectral triples {A 3 -, H j , Dj , Tj ) with 
j = 1,2, in the category of even spectral triples y e , is a morphism in .y such that 
r 2 o $ = $oTi. We will denote by S?i (respectively S^xn^Ire) the subcategory of 
(respectively S^ ri S^ re ) consisting of "isometric" morphisms of spectral triples, i.e. pairs 
((f>, $) with 4> surjective and <£> co-isometric. We have the following inclusion of non-full 
subcategories: 

3 The Metric Connes-Rennie-Varilly Functor. 

Let us consider the class ^# of C°° metric isometriea^ of compact finite-dimensional G°° 
orientable Riemannian spin manifolds M equipped with a fixed spinor bundle S(M), a 
given spinorial charge conjugation Cm and a volume form lim- The class with the 
usual composition of functions forms a category. 

Proposition 3.1. There is a contravariant functor £ from the category ^ to the category 
y m that to every triple (M, S{M),Cm) € ^# associates the spectral triple (A, H, D) 6 y m 
given as in theorem \l.l\ and that to every smooth metric isometry f : M\ — » Af 2 associates 
its pull-back f : A2 — ► Ax- 
Proof. Every smooth metric isometry / : Mi —> Af 2 in ^# is a Riemannian isometry of 
Mi onto a closed embedded submanifold /(Mi) of M 2 . Since every smooth function on a 
closed embedded submanifold is the restriction of a smooth function on M 2 , the pull-back 
4> := /" is a unital epimorphism of the pre-C*-algebras <j> ; A2 — » Ax and, by theorem 11.31 
(j)' : y(Ax) — > T(yi 2 ) is metric-preserving: 

d D2 ((j)'(uJi),(f)'(uj2)) = d D2 (4>'(ev p ),(j)'(ev q )) = d D2 (ev /(p) , ev /(g) ) 
= ^Af 2 (/(p), /(<?)) = <2mi (p, ?) = (ev p , ev 9 ) 
= d Dl (wi,o; 2 ), 

where p,g£ Mi are the unique points such that wi = ev p and w 2 = ev g . 

Of course £(g o /) = (9 o /)• =/'o</ , = £/o« 9 and £ iJU = □ 

We will call the functor £ the metric Connes-Rennie-Varilly functor. 

Here we present the main result of this paper. We denote by ab-^ m the full subcategory 
of y m of direct sums of irreducible Abelian spectral triples^. 

17 Note that in general a Riemannian isometry is not necessarily a metric isometry. 

18 In a completely similar way we will denote by ah-S" the full subcategory of direct sums of irreducible 
Abelian spectral triples in . 
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Theorem 3.2. The metric Connes-Rennie-Varilly functor is an anti- equivalence between 
the categories ^# and ab-S^ m . 



Proof. The functor £ is faithful: if €f — £ s for two smooth isometries /, g : M\ — > Mi, 
then / * = g* as morphisms of pre-C*-algebras and hence they coincide also when uniquely 
extend to morphisms of C*-algebras of continuous functions and the result f = g follows 
from Gel'fand duality theorem. 

The functor £ is full: if : <L(Mi) — > £(Mi) is a metric morphism in S^ m , as a homo- 
morphisms of pre-C* algebras of smooth functions, <p extends uniquely to a morphism of 
C*-algebras of continuous functions and, from Gel'fand duality theorem, there exists a 
unique continuous function / : M% — * Mi such that /* = 4>. From the fact that /* maps 
smooth functions on Mi to smooth functions on M\ it follows that / is a smooth function 
between manifolds. Since <j> also preserves the spectral distances, it follows that / is a 
smooth metric isometry hence a Riemannian isometry. 

The functor £ is representative: for when restricted to the subcategory of connected man- 
ifolds with target the subcategory of irreducible spectral triples, this is actually a restate- 
ment of the reconstruction theorem 11.21 and remark 12.11 Since the Connes-Rennie-Varilly 
functor £ maps disjoint unions of connected components into direct sums of spectral triples, 
the result follows. □ 

Unfortunately, at this stage, we cannot present a statement involving the category of 
all Abelian spectral triples. The above result raises naturally the issue of decomposing 
(Abelian) spectral triples in terms of irreducible components. 

Remark 3.3. In restriction to the subcategory of dimension-preserving smooth 
isometries (i.e. isometric immersions with fiberwise isomorphic tangent maps), the metric 
Connes-Rennie-Varilly functor £ is an anti- equivalence between j^d and the subcategory 
ab-S^™ of metric morphisms of direct sums of irreducible Abelian spectral triples with 
the same dimension. In a similar way, denoting by the nerve of the category , 

i.e. th e g roupoid of isomorphisms of^, we have that £|j^(^) * s an anti- equivalence between 



4 Metric and Spin Categories. 

We now proceed to establish a connection between the category of metric spectral 
triples and the categories of spectral triples 5? (respectively real spectral triples ,5^ r ) in- 
troduced in [BCL1, Section 2.2-2.3] and briefly recalled in section |2~T1 
Denote by o5^° (respectively ^j ret j) the category of spectral triples whose morphisms are 
those homomorphisms of algebras 4> for which there exists at least one $ such that the 
pair [(f), $) is a morphism in 5? (respectively JP'ired)- We have a "forgetful" full functor 
J : 5^ — > that to every morphism (<j>, $) in associates </> as a morphism in . 

Lemma 4.1. A metric isometry of Riemannian manifolds with the same dimension is a 
smooth Riemannian isometry onto a union of connected components. 

Proof. Let / : M — * N be a metric isometry. Since dimM = dim TV, by Brouwer's theorem, 
we see that / is open and maps each connected component of M onto a unique connected 

19 The nerve of ^# (always a subcategory of is actually the "disjoint union" of denuberable "con- 
nected components" consisting of the categories of smooth bijective isometries of n-dimensional spin man- 
ifolds. 
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component of N. By the Myers-Steenrod theorem (see for example [0 Section 5.9, Theo- 
rem 9.1]), any such bijective map between connected components is a smooth Riemannian 
surjective isometry; hence / : M — ► N is a smooth Riemannian isometry onto /(M), a 
union of connected components of N. □ 

Let / : (M, S(M), Cm) — ► (N, S(N),Cn) be a morphism in .dfj. Thanks to the last lemma, 
we can consider the differential 13/ : T(M) — > T(N). It is a monomorphism of Euclidean 
bundles and induces a unique Bogoljubov morphism C1 D/ : Cl (+) (T(Af)) -» C1 (+) (T(7V)) 
of the Clifford bundles that is actually an isomor phism of Cl (+) (T(M)) with subbundlc 
Cl(+)(T(/(M))), the Clifford bundle of the submanifold /(M)@ This isomorphism can 
be used to "transfer" the irreducible Clifford action of Cl^ + \T(f(M))) on the bundle 
S(f(M)) := S{N)\ f{M) to an irreducible action of Cl (+) (T(M)) and, since the bundle 
f(S(N)) = f(S(f(M))) is naturally isomorphic to S(f(M)), the bundle f'{S{N)) be- 
comes an irreducible complex spinor bundle on M. By a similar argument, f'(S(N)) 
comes equipped with a spinorial charge conjugation f'(Cjf) obtained by "pull-back" of 
(the restriction to S(f(M)) of) Cat through the isomorphism f(S(N)) ~ S(f(M)). 

We say that / is spin-preserving if the spin structure [(f'(S(N)), /'(Cat))] determined 
by f*(S(N)) with spinorial charge conjugation /'(Cat) coincides with the spin structure 
of M i.e. if there exists an isomorphism of Hermitian bundles U : f'(S(N)) — > S(M) 
that intertwines the charge conjugations: U o /'(Cat) = Cm ° U and the Clifford actions. 
Note that if / is orientation-preserving, the isomorphism U also intertwines the grading 
operators of the spinor bundles. 

Let us denote by .y^-spin the subcategory of spin and orientation-preserving maps in 
The following result, that we report for completeness, is certainly well-known although we 
could not find any suitable reference. Note that ab-S^ired denotes the full subcategory of 
■Spired whose objects are direct sums of irreducible Abelian spectral triples. 

Proposition 4.2. Let M,N be two compact orientable Riemannian spin manifolds in the 
category If f : M — > N is a spin-preserving isomorphism of Riemannian manifolds, 
the spectral triples (Amt'Hm, Dm) and (An^'Hn, -Cat) ore isomorphic in the category ab- 

Ired • 

Proof. The pull-back <fr ■— f* is a ^-isomorphism <fr : An — * Am of pre-C*-algebras. 

Consider the "pull-back of spinor fields" given by the invertible map $ := a a o /, for 
all a € TLn ■ Since / is an orientation-preserving Riemannian isometry, it leaves invariant 
the volume forms f'(fJ-N) = A*M and so we obtain 

/ (*(£r)(a:) | *{T)(x))dn M (x) = f (*(y) | r(y))dfi N (y) 

J M JN 

that implies that the map $ : Hn L 2 (M, f'(S(N))) =: H* is a unitary operator. 
Since f'(S(N)) is a Hermitian bundle over M, 7i* carries a natural representation tt* 
of the algebra Am given by pointwise multiplication. ^ intertwines and 7r* o tf>, 
i.e. ^{iTN(a)cr) — 7r , (0(a))\f , (er) for a 6 ^Iat and cr 6 Wa?- 

From this we see that the subalgebra Cl (+) (/(M)) C O (+) (A0 of sections of the Clifford bundle of 
N with support in f(M) is naturally isomorphic with the algebra Cl' + '(M) of sections of the Clifford 
bundle of M. Since the restriction to f(M) is a natural epimorphism p : <C\ {+) (N) -* Cl (+) (f(M)), (p 
acts on Clifford fields by multiplication with the characteristic function of f(M )), there is a natural unital 
epimorphism of algebras ip : Cl' + -'(A r ) — > Cl' + '(M) that becomes an isomorphism when restricted to 
Cl(+)(/(A/)). 
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Let U : f m (S(N)) — » S(M) be a (noncanonical) isomorphism of Hermitian bundles in- 
duced by the spin-preserving condition on /. Since we know that U is unitary on the 
fibers, we have J M {Ua(p) | Ut( P )) Sp{m) dfi M (p) = f M (<r(p) I t (p)) f;(S(N)) d(J, M (p), for all 
a, t e r°°(f'(S(N))). Hence U uniquely extends to a unitary map Qu : H' — > Hm- Note 
that Qu is A-M-linear: Qu( a ■ cr) = a ■ Qu(o~), for a £ ijf and a S H*. 

Now it is not difficult to check that the pair ((f), Qu ° is an isomorphism in the category 
S^i re d from the spectral triple (An, Hn, Dn) to (Am,Hm, Dm)- □ 

Proposition 4.3. The Connes-Rennie-Varilly functor is an embedding of the category 
^d-spin into ab-S^j red . 

Proof. Let / : M — > N be a spin-preserving metric isometry in ^^-spin. By Lemma 14.11 
/ : M — > TV is a smooth Riemannian isometry onto the closed submanifold f(M), a union 
of connected components of N. 

We denote by p : An — > -A/(m) the restriction epimorphism. 

The Hilbert space 7^ = L 2 (7V, S(N)) decomposes as the direct sum @j^ofmHj of Hilbert 
spaces (one for each connected component j G n°(N) of N) and the multiplication oper- 
ator P by the characteristic function Xf(M) is the projection operator onto the subspace 
Hf(M) ■= P(Hn) = ©je7r°(/(M))Wj (cf. |FGV| Page 491]). Note that, since the Dirac 
operator Dn is "local" (i.e. it preserves the support of the spinor fields), the subspace 
Ti-f(M) is invariant for Dn- In the same way, since Jn and Tn acts fiberwise, HttM) is 
invariant for the charge conjugation and grading of N. 

Defining -D/(m) ■ = P ° Azv ° P, Jf(M) '■= P o J N o P and r_f(M) := P ° Tn ° P, it is 
immediate that (Af(M)i'Hf(M)iD f(M)) is a real (even) spectral triple and it follows that 
the "restriction" map P : Hn — ► %f(M) satisfies Va e Aat, a G Hat, P(aer) — p(a)P(a), 
P o Djv = Dft M \ o P, P o J N = Jf(M) o P, P o L^r = ^f(M) ° -P- This means that 
the pair (p, P) is a morphism in the category Spired from (An,Hn, Dn) to the triple 
(.A , Tif(M) i -D /(m) ) > which is nothing but the spectral triple obtained from the manifold 
f(M). By Proposition 14. 2\ there exists an isomorphism from (^/(M)>^/(M)>-D/(Af)) to 
(An,'Hn, Dn) in the category Spired, and the conclusion follows by composition with the 
previous (p, P). □ 

Lemma 4.4. If M and N are two orientable compact Riemannian spin manifolds in 
the category ^# and (u,U) is an isomorphism from (An,Hn,Dn) to (Am, Hm-i Dm) i n 
the category ab-S^i re , then there is a spin-preserving orientation-preserving Riemannian 
isometry (metric isometry) f : M — > N such that f = u. 

Proof. The map u : An — ► Am naturally extends to a ^-isomorphisms of C*-algebras and 
by Gel'fand theorem there exists a homeomorphism / : M — > N such that /* = u. Since 
/* maps smooth functions onto smooth functions, / is a diffeomorphism. 
The filtered algebra Hm(Am) (respectively SIn(An)) coincides with the filtered algebra 
of smooth sections of the Clifford bundle Cl (+) (T(Af)) (respectively Cl (+) (T(N))) and the 
map Adu ■ £Id n (An) — * Qd m (Am) is a filtered isomorphisms (extending /*). Therefore 
its restricition Adu '■ &d n (An) ~ * ^\) m (Am) is an isomorphism between the Hermitian 
modules of sections of the complexification of the tangent bundles T(M) and T(N). 
From Serre-Swan theorem, Df : T(M) — » T(N) is an isomorphism of Euclidean bundles 
which implies that / is a Riemannian isometry. 

Since Adu(JN) = Jm and Adj/CT/v) — La/, / is orientation and spin-preserving. □ 
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Proposition 4.5. The identity functor is an inclusion of the category ab-.5^^ red into the 
category ab-5^™ . 

Proof. Let cj) ■ (Ai,7ii,Di) — > (^2,^2, D 2 ) be an isomorphism in the category ab-J^j red . 
By the reconstruction theorem 1 1.2\ there are two manifolds M and N in the category ^# 
such that {An , Dm) is isomorphic to {A\,TL\,D{) and (AmjUm, Dm) is isomorphic 
to (A2, Ti-2, D2) with isomorphisms (4>n,Un) and (4>m,Um), respectively, in the category 

Ired ■ 

By lemma POI <^^f o^o^ 1 e ^/ re d is the image under £ of a spin- preserving Riemannian 
isometry / that (for manifolds of the same dimension) is a metric isometry in ^Md- 
Since 4>Mi4>n are isomorphisms in ab-J^.^ and hence, by remark [2. 11 isomorphisms also 
in ab-J^" 1 , it follows that cj) = ^ o £(/) o tfi N G ab-J^J". □ 

We can now state the promised equivalence result. 

Theorem 4.6. The Connes-Rennie-Varilly functor is an equivalence between the category 
^d-spin and the category ab-S^j red . 



Proof. The Connes-Rennie-Varilly functor is already faithful because of proposition | 
and representative because of proposition ^. 51 We need only to show its fullness. 
Let M and N be manifolds in the category ^#d-spin and let <fi : £(N) — > £(M) be a 
morphism in the category ^j red - By proposition [13] <fr is a morphism in the category 5?™ 
and from remark 13.31 there exists a metric isometry / : M — ► N in the category such 
that £(/) — cf>. Since (/> defines an isomorphism between (£(/(M)) and £(M) in then, 
by lemma \4~4\ f : M — » f(M) is (orientation and) spin-preserving and we are done. □ 

Let us summarize the categorical "relations" now available with the commutative diagram 
of functors 



ab-J?7<- 



abi- 



-spin 



ab-J^' 



c 



.JZd-spm 

where ab-=5^J™-spin := £(^#d-spin) . The left and right vertical inclusion functors corre- 
spond respectively to the embedding in theorem 14.31 and to the Connes-Rennie-Varilly 
anti-equivalence in theorem 13.21 the horizontal top-left arrow is the inclusion functor de- 
scribed in proposition 14.51 



Loosely speaking, one would expect a similar structure to carry over to the general non- 
commutative setting, relating subcategories of "spin-preserving" morphisms in 5? m and 
"metric-preserving" morphisms in ,S^j re . However, in general things might be more com- 
plicated. For the time being, we just mention the following result, omitting the (easy) 
details of the proof. 

Proposition 4.7. Let {A 1 ,H 1 ,D 1 ) 
triples in the category 5? , where $ is a coisometry. Then 



(A2,7~i2i D2) be a morphism of the spectral 



d Dl (u;i o cj),uj2 o 4>) < dD 2 (wi,w 2 ), Vwi, uj 2 e §(^2)- 
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We have discussed only the case of spin manifolds. We also expect analogous statements 
to hold true for spin c manifolds. 

5 Final comments 

The main result presented in this paper is nothing more than a simple observation on 
how Gel'fand-Naimark duality can be reformulated in the light of Connes' reconstruction 
theorem for spin Riemannian manifolds. However, it seems to us that the functoriality of 
the Connes-Rennie-Varilly correspondence has some intriguing appeal and one could ask 
to which extent it is possible to "lift" it to some of the other main objects entering the 
scene, notably the Dirac operators. This issue is presently under investigation. 
From the perspective of this work, the use of the spin structure has been only instrumental 
in recasting Gel'fand-Naimark theorem in the light of the Connes' reconstruction theorem, 
and actually it might appear as an unnecessary complication: it introduces some redun- 
dancy in the main result and, when incorporated tout-court in the setup, it does not lead 
to a genuine categorical anti-equivalence. 

This might suggest that in a successive step one could try to get rid of such a structure, thus 
obtaining a different kind of categorical duality between a metric category of (isometrics 
of) Riemannian manifolds and suitable categories of spectral data (for example considering 
spectral triples arising from the signature Dirac operator in place of those arising from 
the usual Atiyah-Singer Dirac operator). Although several variants of morphisms can be 
introduced between spectral triples (see |BCL2l Section 4.1] for details), corresponding 
to the "rigidity" imposed on the maps between manifolds (totally geodesic isometries, 
Riemannian isometries, . ..), this line of thought does not require significant structural 
modifications in the definitions of morphisms for the categories of spectral geometries 
involved (as a pair of maps at the algebra and the Hilbert space level) and will be pursued 
elsewhere (see [Be] for more details). 

The actual construction of functors (and dualities) from categories of spin Riemannian 
manifolds (with different dimensions) to "suitable" categories of spectral triples (of the 
Atiyah-Singer "type") is a more interesting goal whose main obstruction is the lack of 
a sufficiently general notion of pull-back of spinor fields. In order to solve this problem 
it will be necessary to construct "relational categories" of spectral triples, via "spectral 
conguences" and/or "spectral spans" following the lines already announced in the seminar 
slides [Be] . We will return to these topics in forthcoming papers. 
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